Abstract: In this paper, material and spatial motion problems of the coupled nonlinear problem of electroand magneto-elastostatics are discussed in the context of non-potential loading where mechanical loads are not assumed to be derived explicitly from some potential. A virtual work approach is used to derive the corresponding balance equations and boundary conditions of the material motion problems.
INTRODUCTION
In the past few years, the potential application of electro-and magneto-elastic materials in developing artificial muscles [1] [2] [3] , has lead to considerable research effort on the modeling and simulation of these materials, see for example [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Besides modeling and simulation, defect analysis of electro-and magneto-elastic materials, especially by the concept of configurational forces, is also a subject of important concern and was examined in many works, e.g [23] [24] [25] [26] [27] [28] [29] [30] [31] . The concept of configurational forces in nonlinear electro-and magneto-elastostatics was revisited in a recent study [32] , where the balance equations of linear momentum (or the balance equations of linear momentum of the spatial motion problem, as they are called in the parlance of configurational mechanics) and the corresponding boundary conditions are transformed into some appropriate forms (material motion forms) and in an appropriate continuum mechanical setting (the material setting). Since the governing equations and variational formulations of the nonlinear electro-and magneto-elastostatic problems were derived by an energy approach, the application of these formulations are limited by the assumption made in the study that mechanical loads can be derived explicitly from some potential. In order to overcome this limitation, material and spatial motion problems in nonlinear electro-and magneto-elastostatics are examined in this work by a virtual work approach.
SPATIAL AND MATERIAL MOTION PROBLEMS
To facilitate the derivation process, some basic notations in the case of nonlinear elastostatics are first recalled. We examine here a body with its material (reference) configuration 1 0 in the absence of electric and magnetic fields and mechanical loads. The spatial (current) configuration of the body is denoted by 1 t . For the static cases, in the spatial motion problem, the position vector x of a point in the spatial configuration 1 t is described by the nonlinear spatial motion map x 2 1 1X2 and the deformation is characterized by the spatial motion deformation gradient F 2 3 X 1 wherein 3 X 1 denotes 34 i 53 X j . In the material motion problem, the position vector X of a point in the material configuration 1 0 is described by the nonlinear material motion map X 2 2 1x2 and the deformation is characterized by the material motion deformation gradient f 2 3 x 2. For a conservative mechanical system, the elastic material response is characterized by some internal potential energy densities per unit volume W 0F , W 0f in material configuration or W tF , W tf in spatial configuration: 
NONLINEAR ELASTOSTATICS

Spatial Motion Problem
Consider the spatial problem in nonlinear elasticity. In reference to the deformed configuration 1 t , the balance equation of linear momentum can be derived by varying the spatial placement an amount 7x while keeping the material placement fixed. If we denote the applied body force by b t and the applied surface traction by t t , the principle of virtual work states that
where W int and W ext are the internal and external virtual work corresponding to the variation 7x taken at fixed material placement 7X 2 0 (denoted 7x 2 7 X 1):
The localization of (2) The introduction of (16.1) into (14.1), after some manipulation, leads to
By comparing (4.1) and (17) , one arrives at the definition Turning to the material motion problem in reference to the material configuration 1 0 , with respect to a variation 7X of the material placement at 7x 2 0, the internal virtual work is
In addition, the counterparts of (12) and (13) read
and w con f 2 By using the same procedure that is used for (14)- (20), we have the following balance equation and boundary condition of the material motion problem in reference to the material configuration 1 0 : 
NONLINEAR ELECTRO-ELASTOSTATICS
Basic Equations in Electrostatics
In nonlinear electro-elastostatics, we study the deformation of bodies made of hyperelastic material undergoing large deformation and interacting with a static electric field in the absence of magnetic fields, free currents and electric charges. The electric field is governed by Faraday's law:
and by electric Gauss' law:
where e is the electric field vector and d is the electric displacement vector in spatial configuration. In material configuration, the Faraday's law (28) and the electric Gauss' law (29) are expressed as
and
where E and D denote the electric field vector and the electric displacement vector, respectively, in the material configuration 1 0 . The two vectors E and D are considered as the pull-back versions of e and d in 1 0 :
At the boundary of the considered body or across a surface of discontinuity within the body, in the absence of surface charges, the electric field vector and the electric displacement vector must satisfy the jump conditions: Because the electric field vector e is conservative, this vector can be expressed as the gradient of some scalar electric potential :
Similarly, in the material configuration 1 0 , the electric field vector E can be expressed as the gradient of some scalar electric potential :
where can be computed as the composition of and 1: 2 1.
The electric displacement d can be computed from the electric field vector e by the relationship
where p is the electric polarization density and 0 is the vacuum electric permittivity. The first term on the right-hand side of (37) is the contribution of free space and the second term is the contribution of condensed matter. In material configuration, the relationship (37) may be cast in the form, [9] ,
where P 2 J F 61 7 p. The electric body force b e t that the electric field exerts on matter can be computed by, [34] ,
By using (28), (29) and (37), this body force can be cast in the form
wherein denotes the dyadic product. In reference to the material configuration 1 0 , this body force can be written as
or
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Spatial Motion Problem
In nonlinear electro-elastostatics, due to the existence of the electric body force, the Cauchy stress tensor is nonsymmetric. If, by exploiting (40)
then this total stress tensor is required to be symmetric and the balance equation of linear momentum is written in the form
In reference to the material configuration 1 0 , the counterpart of the balance equation (44) is
where P is the counterpart of the spatial motion stress tensor P in nonlinear elastostatics and is considered as the pull-back version of the total stress tensor 3:
At the boundary of the considered body or across a surface of discontinuity within the body, the jump conditions for 3 and P are
To simplify the problem, let us assume that we only have the jump conditions (33), (34) and (47) at the boundary of the body under consideration. Furthermore, assume that these conditions can be cast in the form D 7 N 2 0, d 7 n 2 0, P 7 N 2 t 0 , 3 7 n 2 t t . In these conditions, the spatial motion problem in nonlinear electro-elastostatics can be set as the following system of equations: 
in which the double dot denotes the double contraction. With the relationships (51) and (52) at hand, the condition
where W int is the internal and W ext the external virtual work, with respect to a variation 7x of the spatial placement at fixed material placement 7X 2 0, can be shown to be equivalent to the system (48). Furthermore, the system (49) can be shown to be equivalent to the condition
Material Motion Problem
In reference to the spatial configuration 1 t , the balance equations and boundary conditions of the material motion problem in nonlinear electro-elastostatics can be derived by considering the wirtual works with respect to a variation 7X of the spatial placement at fixed spatial placement 7x 2 0. Using similar argument as that is used for (10) are some tractions. The introduction of (57), (58) and (59) into (56) 
F6E6X
. Furthermore, we assume w ext 2
and w con f 2 
NONLINEAR MAGNETO-ELASTOSTATICS
Basic Equations in Magnetostatics
In nonlinear magneto-elastostatics, we study the deformation of bodies made of hyperelastic materials undergoing large deformation and interacting with a static magnetic field. In the absence of electric current, the magnetic field is governed by Ampere's law:
and by Gauss's law for magnetism:
where h and b denote respectively the magnetic field vector and the magnetic induction vector in the spatial configuration 1 t . In reference to the material configuration 1 0 , these laws have the form in reference to the undeformed configuration 1 0 .
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Because the magnetic induction is divergence free, in reference to the deformed configuration 1 t , a magnetic vector potential a is defined such that
which has its counterpart in 1 0 as
where A 2 F t 7 a. The relationship between the magnetic induction b and the magnetic field h can be written as
where m is the magnetization vector and 0 is the vacuum magnetic permittivity. The first term on the right-hand side of (83) is the contribution of free space and the second term is the contribution of condensed matter. In material configuration, the relationship (83) between the magnetic induction and the magnetic field has the form
where M is the magnetization vector in material configuration:
The magnetic field exerts on matter a body force b m t , which can be computed as, ([34] ),
or by using (74), (75) 
In reference to the material configuration 1 0 , this body force can be computed as
or equivalently
252 D. K. VU and P. STEINMANN
Spatial Motion Problem
Similar to nonlinear electro-elastostatics, in nonlinear magneto-elastostatics due to the existence of the magnetic body force, the Cauchy stress tensor is nonsymmetric. If, by employing (87), we define a total stress tensor 3 such that 3 2 3 8
then the balance equation of linear momentum of the nonlinear magneto-elastostatic problem becomes
In reference to the material configuration, the counterpart of (91) reads
where P is the counterpart of the spatial motion stress tensor P in nonlinear elastostatics. This stress tensor can be considered as the pull-back version of the total stress tensor 3 in material configuration:
which take into account both magnetic and mechanical contributions. For the sake of simplicity, let us assume that we only have the jump conditions (79), (80) and (94) at the boundary of the body under consideration such that: N H 2 0, n h 2 0, P 7 N 2 t 0 , 3 7 n 2 t t . In this case, the spatial motion problem in nonlinear magneto-elastostatics can be set as 
F6B6X
.
Material Motion Problem
By using a similar procedure that is used above for nonlinear elastostatics and nonlinear electro-elastostatics, in reference to the spatial configuration 1 t , the balance equations and boundary conditions of the material motion problem in nonlinear magneto-elastostatics can be derived by considering the virtual works with respect to a variation 7X of the spatial placement at fixed spatial placement 7x 2 0:
